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Abstract This article described the basic concepts of the
permeable boundary (PB) and impermeable boundary (IPB)
conditions between electrode and electrolyte that are
essential in studying diffusion and migration of ions
through the electrode for electrochemical devices. The
transmission line models (TLMs) were introduced to
explain the boundary conditions at the electrode/electrolyte
interfaces. The impedance data were simulated based upon
the TLMs for PB and IPB conditions, giving attention to
the different behaviors of low-frequency impedance. In
addition, this article explained that the electrodes used for
fuel cells and batteries can be classified according to the PB
and IPB conditions.
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Introduction

In general, the hydrogen injection and evolution reaction,
lithium intercalation and deintercalation reaction, and the
oxygen reduction and hydrogen oxidation reaction are
significantly affected by the transport of mobile ions
through the electrodes for the electrochemical devices, such
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as electrochromic display devices, secondary batteries, and
fuel cells [1-7]. Therefore, understanding ion diffusion
(or migration) through the electrodes is of great importance
to the elucidation of the overall reaction mechanism at the
electrodes for the electrochemical systems.

There has been much interest in the numerical analyses of
ion diffusion and migration through the electrodes in
electrochemistry by using various electrochemical techniques,
such as AC impedance spectroscopy [8—20], galvanostatic
potential transient technique (chronopotentiometry) [14, 15],
and potentiostatic current transient technique (chronoam-
perometry) [21-26]. For these electrochemical techniques,
appropriate boundary conditions are necessary to obtain an
analytical solution for ion transport. In particular, the
behavior of ion transport for a relatively long time period
is highly dependent on whether the boundary condition at
the electrode and electrolyte interface is permeable or
impermeable to mobile ions.

The boundary conditions at the interfaces have been
described by theoretical impedance study in numerous
articles [27-33]. The present work just gives a short review
of the literature and book to show the concepts of two
representative boundary conditions, permeable boundary
(PB) and impermeable boundary (IPB), at the interfaces
between electrode and electrolyte, by focusing on the
discrepancy in low-frequency impedances for each
boundary condition. In particular, the present work newly
verifies that the impedance spectra simulated on simple
model systems of fuel cell and secondary battery
performances allow us to distinguish between PB and
IPB constraints. We theoretically calculated the impedance
spectra based upon the transmission line models (TLMs)
under PB and IPB conditions and then discussed the boundary
conditions commonly applied to the electrodes for fuel cells
and battery, respectively.
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Terminology of permeable (transmissive) boundary
and impermeable (reflective) boundary

The boundary conditions for ion transport through an
electrode can generally be divided into two categories: the
permeable (transmissive) boundary (PB) and impermeable
(reflective) boundary (IPB) conditions. Schematic diagrams
of electrode geometry under these PB and IPB conditions
are shown in Figs. 1 and 2, respectively, along with the
indication of the direction of migration of ions and
electrons and the corresponding Nyquist plots. Figure la
shows the PB condition at the steady state of diffusion of
neutral atoms or migration of ions under which atoms or
ions enter into the entry side of the electrode via Faradaic
reaction at the electrode/electrolyte interface on the left
side, diffuse/migrate through the electrode, and escape from
the exit side of the electrode. The injection (intercalation)
into and extraction (deintercalation) of neutral atoms or
ionic species from the specimen, i.e., the definite direction
of their diffusion depends entirely upon whether either
anodic or cathodic potential is externally applied to the
input side of the specimen, but regardless of whether they
are either neutral atoms or cations or anions. Thus, the
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electrode corresponding to the PB condition is also known
alternatively as the symmetric electrode or free-standing
membrane electrode.

In the Nyquist plot of Fig. 1b, the arc in the high-
frequency range (on the left side) is associated with the
interfacial reaction, which involves charge transfer at the
electrode/electrolyte interface followed by ion penetration
into the bulk electrode. Under this PB condition, the fluxes
entering and leaving the electrode/electrolyte interfaces on
each side become constant with time, i.e., they attain the
steady state, and the electrode potential at the interface is
determined by the value of ion flux. The straight line
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inclined at a constant angle of 45° to the real axis (Warburg
impedance) is attributed to the semi-infinite diffusion and
migration of ion through the electrode. The slope of
Warburg impedance deviates from 45° with decreasing
frequency. This relates to ions moving out of the electrode
into the electrolyte on the right side, resulting in the finite
impedance. If the electrode thickness is infinite, Warburg
impedance representing infinite diffusion would appear in
the low-frequency range, as shown by the dotted line. The
finite impedance is identical to the finite Warburg impedance,
followed by a very small charge transfer resistance at low
frequency. This just corresponds to the condition in which the
electrode potential is determined at the PB interface (x =L) by
the zero equilibrium concentration of ion.

Under the IPB condition at the local equilibrium
established between ion and electron migrations as shown
in Fig. 2a, ions are formed on the left side of the electrode
from Faradaic reaction, followed by moving inside the
electrode. In contrast to the PB condition, the mobile ions
cannot penetrate through the back of the electrode but they
accumulate at the metal/electrode interface. For instance,
the direction of cationic flux for such as H" and Li, i.e., the
injection (intercalation) into and extraction (deintercalation)
from the specimen is always opposite to that direction of
electronic flux because of the constraint of their local
equilibrium, regardless of whether either anodic or cathodic
potential is externally applied to the input side of the
specimen. Therefore, the electrode corresponding to the
IPB condition is also termed alternatively the modified
electrode. The IPB condition can be also achieved by
immersing the electrode into the electrolyte. In this case,
ions are symmetrically injected into both sides of the
electrode via Faradaic reactions and accumulate at the
center of the electrode, which acts as the blocking plane
against ion transport.

The AC impedance spectrum of Fig. 2b consists of an
arc in high-frequency range, a straight line inclined at a
constant angle of 45° to the real axis (Warburg impedance)
in the intermediate-frequency range and a capacitive line
(blocking region) in the low-frequency range. The arc
represents the interfacial reaction for the ion injection,
which involves charge transfer at the electrode/electrolyte
interface on the left side (or both sides) of the electrode, and
the Warburg impedance is related to the semi-infinite
diffusion of ion in the electrode. The capacitive line in the
Nyquist plot, which is vertical to the real axis (negative o
impedance), is related to the accumulation of ions at the
blocking metal/electrode interface (or the center of the
electrode). This is just identical to the condition in which
the equilibrium electrode potential of electrode/electrolyte
interface is determined, and the electrode potential is

determined by the equilibrium ion concentration in
electrodes with no concentration gradient.

The equilibrium electrode potential is the energy level
of redox electron in the electrode rather than the
electrostatic potential difference between electrode and
electrolyte. We can easily realize such an equilibrium
electrode potential with zero concentration of diffusing or
migrating species at the PB interface and also that
electrode potential with zero concentration gradient at
the IPB interface.

Discussion and concluding remarks

The transmission line (TL) model is able to physically and
mathematically express the two PB and IPB conditions for
ion transport [34—41]. The TL model is conveniently used
as a powerful tool to generate the PB and IPB conditions
arbitrarily, depending upon whether the final circuit element
of the original TL network is replaced by pure resistance or
pure capacitance, respectively. Figure 3a, b shows the
equivalent circuits of the TL networks, which represent the
diffusion process in the electrode under the PB condition
and IPB condition, respectively. Here, R4 (ohm per
centimeter) designates the diffusion resistance per unit
length, C4 (farad per centimeter) the chemical capacitance
for diffusion per unit length, and x is the distance from the
electrode/electrolyte interface towards PB and IPB. In TL
model, the resistance of the charge transfer reaction at the
electrolyte/electrode interface and the electronic resistance
were assumed to be negligibly small compared to the
diffusion resistance, thus disregarded. As the diffusing
atoms move in the forward direction towards PB and IPB,
they spatially and temporally sense instantaneous resistance
to the movement as an R4 in the forward direction and
simultaneously spatially and temporally do the instantaneous
accumulation as a Cy downwards perpendicular to the
forward direction. As a result, a “right-angle-shaped” RyCy
series connection element is achieved.

The beginning boundaries of equivalent circuit bar (x=0)
serve as electrolyte/electrode interfaces for the PB and IPB
conditions. The only difference between the PB and IPB
conditions is the capacitive element at the end of the
equivalent circuit bar (x=L), which is replaced with the
interfacial resistance R;,; exposed to the electrolyte for the
PB condition and the interfacial capacitance Cj,; adjacent to
the electrode interior for the IPB condition.

For simplicity, let us assume that R;,, and Cj,, are the
same as R; and C,, respectively. Using Kirchhoff’s voltage
law on the circuits in Fig. 3a and b, the total finite diffusion
impedance by Warburg circuit element Z; (ohms) can be
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Fig. 3 Equivalent circuits
of transmission line networks
representing the diffusion
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written in terms of Ry (ohm per centimeter) and Cy (farad
per centimeter), depending upon the boundary conditions-
under PB condition [6, 40],

tanh L(ja)RdCd)l/z}

Zd(w) = Rd (ja)RdCd)l/z (1)

under IPB condition [5, 41],

coth L(ja)RdCd)l/z}

Zd ((0) =R

(joRsCa)'?
th (jo/we)?
_ gyt S L@/0) T @ /)2 2)
(Jo/oc)
with o, = RdCIT = % where L (centimeters) is the thickness

(diffusion layer thickness) of the whole electrode, j [-] the
unit of the complex number, ie., v—1,/j = %(1 +7)),
@ (hertz) the angular frequency, and o, (hertz) means the
characteristic angular frequency of transition from a straight
line inclined at 45° to the real axis (Warburg line) in the high-
frequency range o > o, = f—z to a capacitive line vertical to
the real axis in the low frequency range 0 < @, = LD—Z on the
Nyquist plot. @, is conceptually equivalent to the reciprocal
of the transition time #, in the potentiostatic current transient.
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The Nyquist plots of the AC impedance spectrum
calculated from Egs. 1 and 2 are shown in Fig. 4a and b,
respectively, by assuming =1 cm, Rq=1 Qcm ', and Cy4=
0.01 Fem™'. The characteristic difference in low-frequency
impedance was found in Fig. 4a and b: the AC impedance
spectrum exhibits the ideal Warburg behavior with an inclined
phase angle of 45° at the high frequencies being the same as
the case of IPB condition but a simple arc at the low
frequencies being different from IPB condition. The transition
frequency . appears less markedly in transmissive PB
condition than in reflective IPB condition. The AC impedance
spectrum given in Fig. 4b depicts two characteristic features
depending upon the frequency range, i.e., a straight Warburg
line inclined at 45° to the real impedance axis in the high-
frequency range above the characteristic(transition) frequency
. and the straight capacitive line with a phase angle of 90°
vertical to the real axis in the low-frequency range below w..
The transition appears more sharply in reflective IPB
condition than that in transmissive PB condition.

This discrepancy in the low-frequency impedance
between the PB and IPB conditions results from the
different end elements of the equivalent circuit bar, either
resistance or capacitance. Therefore, the impedance behavior
at low frequencies highly depends upon whether the mobile
ions are either passing through the electrolyte/electrode
interface permeable to themselves or accumulated at IPB
impermeable to themselves.
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Fig. 4 Nyquist plot of the AC impedance spectrum theoretically
calculated for diffusion in the planar electrode in a the permeable
(transmissive) boundary(PB) condition from Eq. 1 and b the
impermeable (reflective) boundary(IPB) condition from Eq. 2

In practice, the electrodes for fuel cells are often viewed
as the symmetric electrode corresponding to the PB
condition. In solid oxide fuel cells (SOFCs), for example,
oxygen ions are generated by the cathodic reaction and
delivered to the electrolyte [42, 43]. At the anode, the
oxygen ions are consumed by fuel at the electrolyte
interface, producing combustion products and electrons
[43, 44]. During the overall electrochemical processes for
fuel cells, there is no accumulation of charged particles
inside the electrodes, and the electrodes can be regarded as
the symmetric electrode. Like SOFCs, the PB condition is
adopted for the analyses of impedance spectra and current
transients obtained from the electrodes for polymer electro-
lyte membrane fuel cells (PEMFCs) [45, 46]. In fact, the

low-frequency arc representing the permeable condition for
TLM in Fig. 4a was found to be in good agreement with the
impedance spectra experimentally measured from the
electrodes for SOFC and PEMFC [7, 42, 45, 46]. For the
permeable electrode, the current at the steady-state condition
provides useful information in analyzing the kinetics of
electrode reactions. For instance, the variation in the steady-
state current observed for the potentiostatic current transients
allows us to elucidate the mechanism changes of electrode
reaction during the operating conditions [6, 7, 42].

The electrode geometry satisfying the IPB condition is
adopted in the electrochemical devices, such as lithium ion
and Ni/metal hydride secondary batteries [47, 48]. For
normal batteries, mobile ions are usually accumulated at the
electrodes. For example, the interface between the lithium
vanadium (LisV,0s) oxide film and metal substrate is
impermeable to lithium ions because of the low solubility
of lithium in vanadium [47, 48]. Intercalated lithium ions
accumulate at the oxide/metal interfaces after three
consecutive steps of charge transfer at the electrode/
electrolyte interface, and the ions are absorbed into the
oxide film and diffused through the oxide film. In the case
of the hydrogen absorption reaction and the hydrogen
evolution reaction from Pd foil electrode, the center of the
Pd electrode is also considered as a blocking plane for
hydrogen diffusion [11-13]. As a matter of fact, the
capacitive line at low frequencies shown in Fig. 4b was
observed to be in good agreement with real electrodes for
secondary batteries and metal-hydrogen systems [12, 41, 48].
Under the IPB conditions, the currents or potentials at the
electrodes are close to the equilibrium values, so that the
chemical and component diffusivity of mobile ions can be
evaluated from the analyses of AC impedance spectra and
galvanostatic intermittent titration curve [12, 47].

In summary, it is concluded that the difference between the
symmetric electrode and the modified electrode, the two types
of electrodes used for studying migration of ions through the
electrode, is well understood as analogous to that difference in
the electrode/electrolyte interface between pure resistive and
pure capacitive elements at the end of the original TL network.
The electrodes for batteries and fuel cells are also classified
into two types according to the boundary conditions. The PB
condition is usually readily applied to the electrode of fuel
cells, while the IPB condition is conveniently adopted for the
electrode of batteries. Thorough understanding of the concept
of the PB and IPB conditions is important in studying ion
transports through electrodes for the electrochemical devices.

Simulation procedure

The simulations of AC impedance spectra were per-
formed by a commercial MathCad software (MathSoft
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Inc., Cambridge, MA). The overall impedances were
calculated in the frequency range between 107 and
10° Hz based upon the analytical solutions describing each
transmission line circuit in Fig. 3a and b.
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